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Abstract
Following the paradigm on the sphere, we begin the study of irrational conformal field
theory (ICFT) on the torus. In particular, we find that the affine-Virasoro characters of
ICFT satisfy heat-like differential equations with flat connections. As a first example, we
solve the system for the general g/h coset construction, obtaining an integral representa-
tion for the general coset characters. In a second application, we solve for the high-level
characters of the general ICFT on simple g, noting a simplification for the subspace of
theories which possess a non-trivial symmetry group. Finally, we give a geometric for-
mulation of the system in which the flat connections are generalized Laplacians on the
centrally-extended loop group.
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1. Introduction
Affine Lie algebra, or current algebra on S1, was discovered independently in math-
ematics [1] and physics [2]. It is now understood that affine Lie algebra underlies both
rational conformal field theory (RCFT) and irrational conformal field theory (ICFT), which
includes RCFT as a small subspace,
ICFT ⊃⊃ RCFT . (1.1)
At present, the only known path into the space of ICFT’s is the general affine-Virasoro
construction whose conformal stress tensors have the form [3,4],
T (L) = Lab∗∗JaJb
∗
∗ (1.2)
where Ja, a = 1 . . .dim g are the currents of affine g and L
ab is a solution of the Virasoro
master equation [3,4]. The space of solutions of the master equation, called affine-Virasoro
space, includes the affine-Sugawara constructions [2,5,6], the coset constructions [2,5,7] and
a vast number of unitary constructions with irrational central charge [8]. See Reference [9]
for a brief survey of affine-Virasoro space and its partial classification by graph theory.
One of the most prominent features of affine-Virasoro space is K-conjugation co-
variance [2,5,7,3], which says that affine-Virasoro constructions come in commuting K-
conjugate pairs, T = T (L) and T˜ = T (L˜), which sum to the affine-Sugawara construction
Tg on g,
T˜ + T = Tg , c˜+ c = cg . (1.3)
Thus, each K-conjugate pair of ICFT’s naturally forms a biconformal field theory [10,11],
complete with biprimary and bisecondary fields, whose biconformal correlators must be
factorized to obtain the conformal correlators of the individual ICFT’s.
Recently, dynamical equations for the biconformal correlators, the affine-Virasoro
Ward identities [11,12], have been obtained for ICFT on the sphere. These may be ex-
pressed as generalized Knizhnik-Zamolodchikov equations [13],
∂¯iA(z¯, z) = A(z¯, z)W i(z¯, z) , ∂iA(z¯, z) = A(z¯, z)Wi(z¯, z) (1.4a)
Ag(z) = A(z, z) (1.4b)
for the biconformal correlators A. The affine-Virasoro connections W , W are flat connec-
tions and the affine-Sugawara correlators Ag are obtained from the biconformal correlators
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when z¯ = z. These equations have been solved for the correlators of the general g/h coset
construction [11,12,13], providing a first-principle derivation of the coset blocks first pro-
posed by Douglas [14]. Moreover, the equations have been solved for the general ICFT at
high level [12,13] on simple g, although the resulting high-level conformal correlators have
not yet been analyzed at the level of conformal blocks. See Ref. [15] for a review of the
affine-Virasoro Ward identities, including the general solution [12] which exhibits braiding
for all ICFT.
In this paper, we begin the study of ICFT on the torus, following the paradigm on
the sphere. In particular, we study the affine-Virasoro characters (the bicharacters),
χ(T, τ˜ , τ, g) = TrT
(
q˜L˜(0)−c˜/24qL(0)−c/24g
)
(1.5)
where L˜(0) and L(0) are the zero modes of a K-conjugate pair of stress tensors on affine
g. Here, the trace is over the affine irrep VT , the source g ∈ G is an element of the Lie
group, and, as on the sphere, the affine-Sugawara (or affine) characters are obtained from
the bicharacters at τ˜ = τ ,
χg(T, τ, g) = χ(T, τ, τ, g) = TrT
(
qLg(0)−cg/24g
)
. (1.6)
Given (1.6) as a boundary condition, we find that the bicharacters are the unique solutions
of heat-like differential equations with flat connections D˜ and D,
∂τ˜χ(T, τ˜ , τ, g) = D˜(τ˜ , τ, g)χ(T, τ˜, τ, g) (1.7a)
∂τχ(T, τ˜ , τ, g) = D(τ˜ , τ, g)χ(T, τ˜, τ, g) (1.7b)
whose existence and properties are the central subject of this paper. These systems include
and generalize the heat equations for the affine-Sugawara characters obtained by Bernard
[16] and by Eguchi and Ooguri [17].
Following the development on the sphere, we solve the system first for the simple
case of h and the g/h coset constructions, obtaining a new integral representation for the
general coset characters.
In a second application, we solve for the high-level form of the general bicharacters
on simple g, noting a simplification on the subspace of H-invariant CFT’s [18],
ICFT ⊃⊃ H-invariant CFT’s ⊃⊃ Lie h-invariant CFT’s ⊃⊃ RCFT . (1.8)
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The set of H-invariant CFT’s is the subset of all ICFT’s which possess a residual global
symmetry group H, which may be a finite group or a Lie group. Those theories with a
Lie invariance are called the Lie h-invariant CFT’s [18], which include the affine-Sugawara
constructions and the coset constructions as a small subspace.
The simplification occurs when the source is chosen in the symmetry group of the the-
ory, and, as seen in the hierarchy (1.8), this simplification occurs for the coset constructions
as well. Using intuition gained from the cosets, we factorize the high-level bicharacters of
the Lie h-invariant CFT’s to obtain a set of high-level candidate characters for this class
of ICFT’s. The set of candidate characters correctly includes the high-level form of the
coset characters and should be further analyzed with respect to modular covariance in the
general case.
Finally we give a geometric formulation of the system on an affine source, where the
flat connections are generalized Laplacians on the centrally-extended loop group. These
Laplacians involve new first-order differential representations of affine Lie algebra.
2. The General Affine-Virasoro Construction
In this Section, we review some aspects of ICFT which will be relevant in the devel-
opment below.
The general affine-Virasoro construction begins with the currents Ja of untwisted
affine Lie g [1,2],
[Ja(m), Jb(n)] = if
c
ab Jc(m+ n) +mGabδm+n,0 (2.1a)
a, b = 1 . . .dimg , m, n ∈ Z (2.1b)
where f cab and Gab are respectively the structure constants and general Killing metric
of g = ⊕IgI . To obtain invariant levels xI = 2kI/ψ
2
I of gI with dual Coxeter numbers
h˜I = QI/ψ
2
I , take
Gab = ⊕IkIη
I
ab , f
d
ac f
c
bd = −⊕I QIη
I
ab (2.2)
where ηIab and ψI are respectively the Killing metric and highest root of gI .
The stress tensors of the general affine-Virasoro construction are elements of the en-
veloping algebra of the affine algebra [3,4],
T (L) = Lab∗∗JaJb
∗
∗ =
∑
m∈ZZ
L(m)z−m−2 (2.3)
3
where Lab = Lba is called the inverse inertia tensor in analogy with the spinning top. In
order that the modes L(m) generate the Virasoro algebra,
[L(m), L(n)] = (m− n)L(m+ n) +
c
12
m(m2 − 1)δm+n,0 (2.4)
the inverse inertia tensor must satisfy the Virasoro master equation [3,4],
Lab = 2LacGcdL
db − LcdLeff ace f
b
df − L
cdf fce f
(a
df L
b)e (2.5a)
c(L) = 2GabL
ab (2.5b)
where c(L) is the central charge of the CFT. The master equation has been identified [19]
as an Einstein-like system on the group manifold with central charge c = dim g−4R, where
R is the Einstein curvature scalar.
A. Affine-Sugawara constructions [2,5,6]. The affine-Sugawara construction Lg is
Labg = ⊕I
ηabI
2kI +QI
, cg =
∑
I
xI dim gI
xI + h˜I
(2.6)
for arbitrary levels of affine g, and similarly for Lh when h ⊂ g.
B. K-conjugation covariance [2,5,7,3]. When L is a solution of the master equation on g,
then so is the K-conjugate partner of L, called L˜,
L˜ab = Labg − L
ab , c(L˜) = cg − c(L) (2.7)
while the corresponding stress tensors T ≡ T (L) and T˜ ≡ T (L˜) form a commuting pair of
Virasoro operators which sum to the affine-Sugawara construction,
T˜ + T = Tg , c˜+ c = cg , T (z)T˜ (w) = regular . (2.8)
As the simplest examples of K-conjugation, the g/h coset constructions T˜ = Tg/h = Tg−Th
[2,5,7] are the K-conjugate partners of Th on g.
More generally, each breakup Tg = T˜ + T naturally defines a biconformal field theory
[10,11], with two commuting Virasoro operators. The breakup also suggests that the affine-
Sugawara construction is a tensor product CFT, formed by tensoring the conformal theories
of T˜ and T . In practice, we face the inverse problem, namely to factorize [10,11,12,13] the
affine-Sugawara blocks into the conformal blocks of T˜ and T .
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C. T, J commutator. The commutator of the stress tensor with the currents is [3],
[L(m), Ja(n)] = −nM(L)
b
a Jb(m+ n) +N(L)
bc
a (
∗
∗JbJc
∗
∗)m+n (2.9a)
M(L) ba = 2GacL
cb + f ead L
dcf bce , N(L)
bc
a = −if
(b
ad L
c)d (2.9b)
and similarly for the K-conjugate theory with the substitution L(m)→ L˜(m), Lab → L˜ab.
D. High-level solutions. At high-level on simple g, the high-level smooth solutions of the
master equation have the form [20,21],
L˜ab =
1
2k
ηacP˜ bc +O(k
−2) , Lab =
1
2k
ηacP bc +O(k
−2) (2.10a)
L˜ab + Lab = Labg =
1
2k
ηab +O(k−2) (2.10b)
c˜ = rankP˜ +O(k−1) , c = rankP +O(k−1) , cg = dim g +O(k
−1) (2.10c)
where P˜ and P are the high-level projectors of the L˜ and L theories respectively,
P˜ 2 = P˜ , P 2 = P , P˜ + P = 1 , P˜P = PP˜ = 0 . (2.11)
In the partial classification of ICFT by graph theory [22,9], the projectors are the adjacency
matrices of the graphs, each of which labels a level family of ICFT’s.
E. Symmetry groups in ICFT [18]. The generic ICFT on g has no residual global sym-
metry [22], but it is useful to distinguish the subspace of H-invariant CFT’s, which are all
ICFT’s with a residual global symmetry H,
ICFT ⊃⊃ H-invariant CFT’s ⊃⊃ Lie h-invariant CFT’s ⊃⊃ RCFT . (2.12)
The H-invariant CFT’s on g satisfy
L˜ = wL˜w−1 , L = wLw−1 , ∀w ∈ H ⊂ AutG (2.13)
where G is the Lie group whose algebra is g. If H is also a Lie group, with Lie algebra
h ⊂ g, we have the proper subspace of Lie h-invariant CFT’s, which satisfy
[T adjA , L˜] = [T
adj
A , L] = 0 , A = 1, . . . , dimh (2.14)
where T adja , a = 1, . . . , dim g is the adjoint representation of g. As seen in the hierarchy
(2.12), the Lie h-invariant CFT’s include h and the g/h coset constructions as a small
subspace.
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3. The Affine-Virasoro Characters
For each K-conjugate pair T˜ , T of affine-Virasoro constructions on compact g, the
affine-Virasoro (or biconformal) characters are defined as,
χ(T, τ˜ , τ, h) = TrT
(
q˜L˜(0)−c˜/24qL(0)−c/24h
)
(3.1)
where q = e2πiτ (q˜ = e2πiτ˜ ) with Imτ > 0 (Imτ˜ > 0), and
L˜(0) = L˜ab
(
Ja(0)Jb(0) + 2
∑
n>0
Ja(−n)Jb(n)
)
(3.2a)
L(0) = Lab
(
Ja(0)Jb(0) + 2
∑
n>0
Ja(−n)Jb(n)
)
(3.2b)
are the zero modes of T˜ and T . For flexibility below, we specify the source h in (3.1) to be
an element of the compact Lie group H ⊂ G, which may be parametrized, for example, as
h = e
iβA(x)JA(0)
, A = 1, . . . , dimh (3.3)
where xi, i = 1, . . . , dimh are coordinates on the H manifold. As special cases, we may
then choose, if desired, the standard sources on G or Cartan G employed in Refs. [16] and
[17] respectively.
In (3.1), the trace is over the integrable affine irrep VT whose affine primary states
|RT 〉 correspond to matrix irrep T of g. In an L-basis of T [10,8,11], these are called the
Lab-broken affine primary states, which satisfy,
Ja(m)|RT 〉
α = δm,0|RT 〉
β(Ta)
α
β , m ≥ 0 (3.4a)
L˜ab(TaTb)
β
α = ∆˜α(T )δ
β
α , L
ab(TaTb)
β
α = ∆α(T )δ
β
α (3.4b)
L˜(0)|RT 〉
α = ∆˜α(T )|RT 〉
α , L(0)|RT 〉
α = ∆α(T )|RT 〉
α (3.4c)
∆˜α(T ) + ∆α(T ) = ∆g(T ) (3.4d)
where ∆˜α(T ), ∆α(T ) and ∆g(T ) are the conformal weights of the broken affine primaries
under T˜ , T and Tg respectively. More generally, L-bases are the eigenbases of the conformal
weight matrices, such as (3.4b), which occur at each level of the irrep. In what follows, we
often refer to the affine-Virasoro characters as the bicharacters.
In this Section, we confine our remarks to some simple properties of the bicharacters.
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1. N-point correlators. The bicharacters (3.1) are only the simplest (zero point) correla-
tors on the torus. Although we will not pursue this here, N-point correlators on the torus
can be defined, as on the sphere, by insertion of biconformal fields [10,11] in the trace.
2. K-conjugation invariance. It is clear on inspection that the bicharacters satisfy the
K-conjugation invariance,
χ(T, τ˜ , τ, h)|L↔L˜
τ↔τ˜
= χ(T, τ˜ , τ, h) (3.5)
under exchange of the K-conjugate CFT’s.
3. Affine-Sugawara boundary condition. Since T˜ + T = Tg and c˜ + c = cg, the affine-
Virasoro characters reduce to the affine-Sugawara (or affine) characters,
χg(T, τ, h) = χ(T, τ, τ, h) = TrT
(
qLg(0)−cg/24h
)
(3.6)
on the affine-Sugawara line τ˜ = τ .
4. Small q˜ and q. In order to obtain the leading terms of the bicharacters when q˜ and q
are small, we need the identities,
h|RT 〉
α = |RT 〉
βh(T ) αβ (3.7a)
hJa(n)h
−1 = Ω(h) ba Jb(n) , Ω(h) = h(T
adj)−1 (3.7b)
where h(T ) is the corresponding element of H ⊂ G in matrix irrep T of g. Then, with
(3.4) and the affine algebra (2.1), we may easily compute the contributions of the lowest
states,
χ(T, τ˜ , τ, h) =
dimT∑
α=1
q˜∆˜α(T )−c˜/24q∆α(T )−c/24h(T ) αα + · · · (3.8a)
χ(T = 0, τ˜ , τ, h) = 1 +
dim g∑
A=1
q˜∆˜A−c˜/24q∆A−c/24h(T adj) A
A
+ · · · . (3.8b)
For the vacuum bicharacter in (3.8b), the computation of the non-leading terms was per-
formed in the L-basis JA(−1)|0〉 of the one-current states, so that ∆˜A and ∆A (with
∆˜A +∆A = ∆g = 1) are the conformal weights of these states under T˜ and T .
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4. The Affine-Virasoro Ward Identities
4.1. Statement and Strategy
In this Section, we establish and study the affine-Virasoro Ward identities for the
bicharacters, which have the form,
∂˜q∂pχ(T, τ˜ , τ, h)|τ˜=τ = Dqp(τ, h)χg(T, τ, h) (4.1a)
∂ ≡ ∂τ = 2piiq∂q , ∂˜ ≡ ∂τ˜ = 2piiq˜∂q˜ (4.1b)
where χg is the affine-Sugawara character given in eq. (3.6).
The h-differential operators Dqp(τ, h), called the affine-Virasoro connection moments,
are defined by the formula,
Dqp(τ, h)χg(T, τ, h) = (2pii)
q+pTrT
(
qLg(0)−cg/24(L˜(0)− c˜/24)q(L(0)− c/24)ph
)
(4.2)
where the zero modes L(0), L˜(0) of the K-conjugate stress tensors are given in eq. (3.2).
Note that the quantities on the right side of (4.2) are averages in the affine-Sugawara
theory, so the connection moments may be computed in principle by the methods of Refs.
[23,16].
Our strategy to obtain these results is as follows: According to the definition (3.1),
the left side of (4.1) is equal to the right side of (4.2), so the Ward identities (4.1) follow if
the right side of (4.2) is proportional to χg. This will emerge in the following method for
the computation of the connection moments.
4.2. Proof by Computational Scheme
The following inductive algebraic scheme for the computation of affine-Sugawara av-
erages is equivalent to the methods of Refs. [23,16].
We organize the problem in terms of the basic quantity,
TrT
(
qLg(0)Ja(−n)Oh
)
, n ∈ ZZ (4.3)
where O is any vector in the enveloping algebra, and, for simplicity, we restrict the source
h to those subgroups for which G/H is a reductive coset space. In this case, we may choose
a basis a = 1, . . . , dim g = (A, I), in which
f BAI = GAI = 0 (4.4a)
A = 1, . . . , dimh , I = 1, . . . , dim g/h . (4.4b)
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Then we have the relations,
qLg(0)Ja(−n) = q
nJa(−n)q
Lg(0) (4.5a)
Ω(h) ba =
(
ρ(h) BA 0
0 σ(h) JI
)
(4.5b)
hJA(−n) = ρ(h)
B
A JB(−n)h , hJI(−n) = σ(h)
J
I JJ (−n)h (4.5c)
from (3.7) and (2.1). With these relations and cyclicity of the trace, the current in (4.3)
can be moved first to the left, then to the right of the trace and finally to the left of the
source. Rewriting OJa as the original product JaO plus the commutator, we may solve
the relation for the original quantities (4.3) to obtain the basic identities,
TrT
(
qLg(0)JA(−n)Oh
)
=
( qnρ(h)
1− qnρ(h)
) B
A
TrT
(
qLg(0)
[
O, JB(−n)
]
h
)
, n 6= 0 (4.6a)
TrT
(
qLg(0)JI(−n)Oh
)
=
( qnσ(h)
1− qnσ(h)
) J
I
TrT
(
qLg(0)
[
O, JJ(−n)
]
h
)
, n ∈ ZZ . (4.6b)
The identity (4.6a) does not hold for n = 0 since 1 − ρ(h) is not invertible. With these
relations and the affine algebra we may iteratively reduce the number of currents in the
trace by one, except for the zero modes JA(0) of the h-currents.
To include the zero modes of the h current, we introduce h-vielbeins e¯ Ai and e
A
i ,
e¯i(h) = −ih∂ih
−1 = e¯ Ai (h)JA(0) , ei(h) = −ih
−1∂ih = e
A
i (h)JA(0) (4.7)
where i, A = 1, . . . , dimh, and Lie derivatives on h,
E¯A = −ie¯
i
A ∂i , EA = −ie
i
A ∂i (4.8a)
[E¯A, E¯B] = if
C
AB E¯C , [EA, EB] = if
C
AB EC , [E¯A, EB] = 0 (4.8b)
where e¯ iA and e
i
A are the inverse h-vielbeins. From the definitions in (4.8a) we find that
E¯A(h)h = −JA(0)h , EA(h)h = hJA(0) (4.9a)
E¯A(h)h(T ) = −TAh(T ) , EA(h)h(T ) = h(T )TA (4.9b)
and, using (4.5), we obtain the basic identity for the zero modes of the h-currents,
TrT
(
qLg(0)JA(0)Oh
)
= EA(h)TrT
(
qLg(0)Oh
)
. (4.10)
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Taken together, the relations (4.6) and (4.10) allow a reduction by one in the number of
currents in any affine-Sugawara average.
Iterating this step, the averages on the right side of (4.2) may be reduced to differential
operators on the one-current averages,
TrT
(
qLg(0)−cg/24JA(0)h
)
= EA(h)χg(T, τ, h) (4.11a)
TrT
(
qLg(0)−cg/24JI(0)h
)
= 0 (4.11b)
which are proportional to the affine-Sugawara characters. This completes the proof of the
affine-Virasoro Ward identities (4.1).
As an example, we have computed the first moment D01 of the L theory, using
D01(τ, h)χg(T, τ, h) = 2piiTrT
(
qLg(0)−cg/24(L(0)− c/24)h
)
(4.12a)
L(0) = LabJa(0)Jb(0) + 2L
ab
∑
n>0
Ja(−n)Jb(n) (4.12b)
= LABJA(0)JB(0) + L
AI
(
JA(0)JI(0) + JI(0)JA(0)
)
+ LIJJI(0)JJ(0) (4.12c)
+2
∑
n>0
(
LABJA(−n)JB(n) + L
AI
(
JA(−n)JI(n) + JI(−n)JA(n)
)
+ LIJJI(−n)JJ (n)
)
and the identities (4.6–11). The result is
D01(L, τ, h) = 2pii{−c/24 + L
ABEA(h)EB(h) + L
IJ (
σ(h)
1− σ(h)
) KI (if
A
JK EA(h))
+ 2LAB
∑
n>0
(
qnρ(h)
1− qnρ(h)
) CA (if
D
BC ED(h) + nGBC)
+ 2LIJ
∑
n>0
(
qnσ(h)
1− qnσ(h)
) KI (if
A
JK EA(h) + nGJK)} . (4.13)
Similarly, the result for D10 is obtained from (4.13) by the substitution L→ L˜ and c→ c˜.
4.3. The Affine-Sugawara Characters
Adding the (1,0) and (0,1) Ward identities, we find the heat equation for the affine-
Sugawara characters,
10
∂χg(T, τ, h) = Dg(τ, h)χg(T, τ, h) (4.14a)
Dg(τ, h) = D01 +D10
= 2pii
{
− cg/24 + L
AB
g EA(h)EB(h) + L
IJ
g (
σ(h)
1− σ(h)
) KI (if
A
JK EA(h))
+2LABg
∑
n>0
(
qnρ(h)
1− qnρ(h)
) CA (if
D
BC ED(h) + nGBC)
+2LIJg
∑
n>0
(
qnσ(h)
1− qnσ(h)
) KI (if
A
JK EA(h) + nGJK)
}
. (4.14b)
The affine-Sugawara characters can also be understood as the simplest examples of affine-
Virasoro characters, obtained by choosing the simplest K-conjugate pair L˜ = 0 and L = Lg.
The heat-like equations in this case,
∂χ(T, τ˜ , τ, h) = Dg(τ, h)χ(T, τ˜ , τ, h) , ∂˜χ(T, τ˜ , τ, h) = 0 (4.15a)
χ(T, τ˜ , τ, h) = χ(T, τ, τ, h) = χg(T, τ, h) . (4.15b)
are equivalent to (4.14).
When the subgroup H ⊂ G is taken to be G itself, we recover Bernard’s result [16] on
a G-source,
∂χg(T, τ, g) = Dg(τ, g)χg(T, τ, g) (4.16a)
Dg(τ, g) = 2pii{−cg/24 + L
ab
g Ea(g)Eb(g)
+ 2Labg
∑
n>0
(
qnΩ(g)
1− qnΩ(g)
) ca (if
d
bc Ed(g) + nGbc)} (4.16b)
where Labg is given in eq. (2.6). For simple g, Bernard also gives the alternate form of the
g-connection,
Dg(τ, g) =
2pii
2k +Qg
{
− (2k +Qg)cg/24 + η
abEa(g)Eb(g)
+ 2ηab
(
Ea(g) logΠ(τ,Ω(g))
)
Eb(g)− 2kq∂q logΠ(τ,Ω(g))
}
(4.17a)
Π(τ,M) =
∞∏
n=1
det(1− qnM) (4.17b)
which follows from (4.9b). The Π-function in (4.17b), which satisfies Π(τ, A⊕B) =
Π(τ, A)Π(τ, B), was first studied by Fegan [24].
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For use below, we list a number of simple properties of the affine-Sugawara characters.
A. Evolution operator of g. It is convenient to define the (invertible) evolution operator
of g,
Ωg(τ, τ0, h) = T e
∫ τ
τ0
dτ ′Dg(τ
′, h)
(4.18)
where T denotes τ -ordered product. This operator is the unique solution of the heat
equation and boundary condition,
∂Ωg(τ, τ0, h) = Dg(τ, h)Ωg(τ, τ0, h) , ∂τ0Ωg(τ, τ0, h) = −Ωg(τ, τ0, h)Dg(τ0, h) (4.19a)
Ωg(τ, τ, h) = 1 , Ωg(τ, τ0, h) = Ω
−1
g (τ0, τ, h) (4.19b)
and hence Ωg determines the evolution of the affine-Sugawara characters,
χg(T, τ, h) = Ωg(τ, τ0, h)χg(T, τ0, h) . (4.20)
B. Conserved quantities. In addition to the heat equation (4.14), the affine-Sugawara
characters also satisfy a number of h-differential equations, whose generic form is
Cg(T, τ, h)χg(T, τ, h) = 0 (4.21a)
Cg(T, τ ′, h) = Ωg(τ
′, τ, h)Cg(T, τ, h)Ωg(τ, τ
′, h) . (4.21b)
The h-differential operators Cg are the conserved quantities of the affine-Sugawara char-
acters. The simplest example of such relations is the T - and τ -independent h-global Ward
identity
QgA(h)χg(T, τ, h) = 0 , Q
g
A(h) = E¯A(h) +EA(h) , A = 1, . . . , dimh (4.22)
but there are other “spatial” equations [17] of the form (4.21) which follow from the
existence of singular vectors in the affine Verma module VT . The global Ward identity
(4.22) tells us that, if desired, we may replace EA → −E¯A in Dg and more generally on
the right side of any term in Dqp.
C. Explicit form. The explicit form of the affine-Sugawara characters for integrable rep-
resentation T of simple g is [16],
χg(T, τ, h) =
1
Π(τ, ρ(h))Π(τ, σ(h))
∑
T ′
NTT ′Tr(h(T
′))q∆g(T
′)−
cg
24 (4.23)
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where the Π-function is defined in eq. (4.17b), and the sum is over the set of all unitary
irreps T of g. The coefficients in the sum satisfy
NTT ′ =
{
detω if λ(T ′) = ω(λ(T ) + ρ)− ρ+ (x+ h˜g)σ
0 otherwise
(4.24)
where λ(T ) is the highest weight of irrep T, ω is some element in the Weyl group of g, σ
is some element of the coroot lattice, ρ is the Weyl vector, x is the invariant level and h˜g
is the dual Coxeter number. For g = ⊕IgI and T = ⊕IT
I , the affine-Sugawara characters
are χg(T ) =
∏
I χgI (T
I).
4.4. General Properties of the Connection Moments
The following properties of the connection moments Dqp are easily established from
their definition in (4.2).
A. Representation independence. Since the computational scheme in subsection 4.2 is
independent of irrep T of g, the connection moments Dqp(τ˜ , τ, h) are independent of irrep
T. This means that the representation dependence of the bicharacters is determined entirely
by their affine-Sugawara boundary condition χ(T, τ, τ, h) = χg(T, τ, h).
B. L˜ and L dependence. The one-sided connection moments,
Dq0(L˜) , D0p(L) (4.25)
are functions only of L˜ and L as shown, while the mixed moments Dqp(L˜, L) with q, p ≥ 1
are functions of both L˜ and L.
C. K-conjugation covariance. Under exchange of the K-conjugate ICFT’s, the connection
moments exhibit the K-conjugation covariance,
Dqp(L˜, L) = Dpq(L, L˜) (4.26a)
Dq0(L˜) = D0q(L)|L→L˜ . (4.26b)
D. Consistency Relations. Define the g-covariant derivatives,
dgf ≡ ∂f + fDg(τ) , d˜gf ≡ ∂˜f + fDg(τ˜) (4.27)
on any f(τ˜ , τ, h). Then the connection moments satisfy the consistency relations,
dgDqp = Dq+1,p +Dq,p+1 , D00 = 1 (4.28)
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in analogy to the consistency relations on the sphere [11]. When q = p = 0, these relations
reproduce the identity Dg = D10 +D01 in eq. (4.14). Following the development on the
sphere, the consistency relations can be solved at each fixed value of q + p to express all
Dqp in terms of the canonical sets {Dg, D0p} or {Dg, Dq0} .
E. Other relations. It appears that all the relations known for the connection moments
on the sphere [11,12] have their close counterparts on the torus. Among these, we list only
the translation sum rule,
∞∑
r,s=0
(τ − τ0)
r+s
r!s!
Dr+q,s+p(τ0) = Dqp(τ)Ωg(τ, τ0, h) (4.29)
where Ωg is the evolution operator of g, and the partially-factorized form of the bicharac-
ters,
χ(T, τ˜ , τ, h) =
∞∑
q,p=0
(τ˜ − τ0)
q
q!
Cqp(T, τ0, h)
(τ − τ0)
p
p!
(4.30a)
Cqp(T, τ0, h) ≡ Dqp(τ0, h)χg(T, τ0, h) (4.30b)
which follows from the Ward identities using (4.29). The right side of (4.30a) is independent
of the regular reference point τ0.
Following the development on the sphere [11], the eigenvectors of the matrix Cqp(τ0)
give a factorization of the bicharacters,
χ(T, τ˜ , τ, h) =
∑
ν
χν
L˜
(T, τ˜ , τ0, h)χ
ν
L(T, τ, τ0, h) (4.31)
into candidate conformal characters χL˜ and χL of the L˜ and the L theory respectively. On
the sphere, the corresponding conformal correlators of L˜ and L are covariant under the
braid group, so the analogous form (4.31) should be studied for modular covariance on the
torus. We will return to the subject of factorization in Sections 7 and 9.
5. Flat Connections on the Torus
Following Ref. [13], we may reexpress the Ward identities (4.1) as heat-like differential
equations with flat connections.
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Using Taylor series in τ˜ or τ and the Ward identities, we first write the bicharacters
in the two equivalent forms,
χ(T, τ˜ , τ, h) = B˜(τ˜ , τ, h)χg(T, τ, h) = B(τ˜ , τ, h)χg(T, τ˜ , h) (5.1a)
B˜(τ˜ , τ, h) =
∞∑
q=0
(τ˜ − τ)q
q!
Dq0(τ, h) , B(τ˜ , τ, h) =
∞∑
p=0
(τ − τ˜)p
p!
D0p(τ˜ , h) . (5.1b)
These forms show explicitly that the affine-Virasoro characters χ are completely determined
given the affine-Sugawara characters χg and the connection moments, which appear in the
(invertible) h-differential operators B˜ and B.
Then, by differentiation of (5.1), we obtain the heat-like differential equations for the
bicharacters,
∂˜χ(T, τ˜ , τ, h) = D˜(τ˜ , τ, h)χ(T, τ˜ , τ, h) (5.2a)
∂χ(T, τ˜ , τ, h) = D(τ˜ , τ, h)χ(T, τ˜ , τ, h) (5.2b)
D˜ = ∂˜B˜B˜−1 , D = ∂BB−1 (5.2c)
where the h-differential operators D˜ and D are the affine-Virasoro connections of the heat-
like system. Eq. (5.2c) defines the connections as non-linear functionals of the connection
moments, and the connections may also be evaluated in principle from the formulae,
D˜(τ˜ , τ, h)χ(T, τ˜ , τ, h) = 2piiTrT
(
q˜L˜(0)−c˜/24qL(0)−c/24
(
L˜(0)− c˜/24
)
h
)
(5.3a)
D(τ˜ , τ, h)χ(T, τ˜ , τ, h) = 2piiTrT
(
q˜L˜(0)−c˜/24qL(0)−c/24
(
L(0)− c/24
)
h
)
(5.3b)
which follow from (3.1) and the heat-like system (5.2).
We note that, like the connection moments, the operators B˜, B and the connections
D˜, D are independent of the representation T .
Following the development of Ref. [13], we find close analogues of the general relations
known for the connections on the sphere.
A. Flat connections. To see that the connections D˜,D are flat, define covariant deriva-
tives,
d˜f ≡ ∂˜f + fD˜ , df ≡ ∂f + fD , ∀f . (5.4)
Then the flatness condition,
dD˜ = d˜D (5.5)
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is obtained by differentiation of the heat-like equations. The same condition is also obtained
by differentiation of (5.3), using the heat-like equations.
B. Inversion formula. Note that the covariant derivatives commute
[d, d˜] = 0 (5.6)
because the connections are flat, and that the inversion formula for the connection mo-
ments,
Dqp(τ, h) = d˜
qdp1|τ˜=τ (5.7)
follows by multiple differentiation of the heat-like system. The formula (5.7), which is the
inverse of (5.2c), expresses the connection moments in terms of the flat connections. As
examples, we use the formula to list the first few moments,
D00(τ) = 1 (5.8a)
D10(τ) = D˜(τ, τ) , D01(τ) = D(τ, τ) (5.8b)
D20(τ) = (∂˜D˜ + D˜
2)|τ˜=τ , D02(τ) = (∂D +D
2)|τ˜=τ (5.8c)
D11(τ) = (∂˜D +DD˜)|τ˜=τ = (∂D˜ + D˜D)|τ˜=τ . (5.8d)
As on the sphere, we note that the pinched connections (at τ˜ = τ) are always equal to the
first connection moments.
C. Evolution operators. It follows from (5.1) and (5.2c) that the operators B˜, B in (5.1)
are the (invertible) evolution operators of the flat connections,
B˜(τ˜ , τ, h) = T˜ e
∫ τ˜
τ
dτ˜ ′D˜(τ˜ ′, τ, h)
(5.9a)
B(τ˜ , τ, h) = T e
∫ τ
τ˜
dτ ′D(τ˜ , τ ′, h)
(5.9b)
∂˜B˜ = D˜B˜ , ∂B = DB (5.9c)
B˜(τ, τ, h) = B(τ˜ , τ˜ , h) = 1 . (5.9d)
where T˜ and T are τ˜ and τ ordering respectively. Moreover, the two forms of the bicharacter
in (5.1a) show that the evolution operators of the flat connections are related by the
evolution operator of g,
B˜(τ˜ , τ, h) = B(τ˜ , τ, h)Ωg(τ˜ , τ, h) , B(τ˜ , τ, h) = B˜(τ˜ , τ, h)Ωg(τ, τ˜ , h) (5.10)
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and hence the evolution operator of g is composed of the evolution operators of the flat
connections,
Ωg(τ˜ , τ, h) = B
−1(τ˜ , τ, h)B˜(τ˜ , τ, h) . (5.11)
The identities (5.10) also imply the differential relations
(d˜g − D˜)B = (dg −D)B˜ = 0 (5.12)
which supplement the differential relations in (5.9c).
D. L˜ and L dependence. According to (5.1b) and (4.26), the evolution operators B˜(L˜)
and B(L) and the connections D˜(L˜) and D(L) are functions of only L˜ and L as shown.
E. K-conjugation covariance. The evolution operators and connections satisfy the K-
conjugation covariance,
B(L, τ˜ , τ, h)| τ↔τ˜
L→L˜
= B˜(L˜, τ˜ , τ, h) , D(L, τ˜ , τ, h)| τ↔τ˜
L→L˜
= D˜(L˜, τ˜ , τ, h) . (5.13)
F. Non-local conserved quantities [13]. Following subsection 4.3 and the development on
the sphere, we find a non-local conserved quantity C(T, τ˜ , τ, h),
C(T, τ˜ , τ, h)χ(T, τ˜, τ, h) = 0 (5.14a)
C = BCg(τ˜)B
−1 = B˜Cg(τ)B˜
−1 (5.14b)
for each of the conserved quantities Cg(T, τ, h) of the affine-Sugawara character on an h
source. These non-local conserved quantities are the lift of the conserved quantities Cg
into the space of ICFT’s.
Because they are related by a similarity transformation, the algebra of the non-local
quantities is the same as the algebra of the Cg’s. For example, we have the non-local
conserved generators QA(τ˜ , τ, h) of h ⊂ g,
QA = BQ
g
AB
−1 = B˜QgAB˜
−1 (5.15a)
QAχ = 0 , [QA, QB] = if
C
AB QC (5.15b)
where QgA = E¯A + EA, A = 1, . . . , dimh are the global generators of h ⊂ g. As on the
sphere, the non-local generators of h ⊂ g degenerate to the global generators of h ⊂ g
when h is an ordinary Lie symmetry of the K-conjugate pair. We will check this explicitly
for h and the g/h coset constructions in the following section, but it is also true for all the
Lie h-invariant CFT’s [18].
We also find non-local conserved quantities C associated to the Cg’s of the null states
of the affine modules [17]. These conserved quantities provide further differential relations
on the bicharacters, beyond the heat equations, but we will not need their explicit form
here. Instead, we encode their information in the bicharacters by the choice of the correct
affine-Sugawara characters χg in the affine-Sugawara boundary condition.
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6. Coset Constructions
6.1. Choosing the Source
In this Section, we study the bicharacters of h and the g/h coset constructions [2,5,7],
L˜ = Lg/h , L = Lh (6.1)
with G/H a reductive coset space. In this case, we are able to solve the system exactly by
choosing the subgroup H of the source h to be the same subgroup involved in the G/H
coset. Then, the bicharacter and its heat-like equations have the form,
χ(T, τ˜ , τ, h) = TrT
(
q˜Lg/h(0)−cg/h/24qLh(0)−ch/24h
)
(6.2a)
∂˜χ = D˜(Lg/h)χ , ∂χ = D(Lh)χ (6.2b)
where D˜(Lg/h) and D(Lh) are the connections of g/h and h respectively. Evaluation of
the bicharacters of h and g/h on sources larger than H is more complicated, as discussed
below and in the following Section.
6.2. The Subgroup Connection
We evaluate D(Lh) from the general form (5.3b), which now reads,
D(Lh, τ, h)χ(T, τ˜, τ, h) = 2piiTrT
(
q˜Lg/h(0)−cg/h/24qLh(0)−ch/24(Lh(0)−
ch
24
)h
)
(6.3a)
Lh(0) = L
AB
h
(
JA(0)JB(0) + 2
∑
n>0
JA(−n)JB(n)
)
, Lg/h(0) = Lg(0)− Lh(0) (6.3b)
where A,B = 1, . . . , dimh and Lg(0) is given in eq. (2.6).
In this case, we are able to follow the strategy of subsection 4.2 exactly. We need the
relations,
qLh(0)JA(−n) = q
nJA(−n)q
Lh(0) (6.4a)
q˜Lg/h(0)JA(−n) = JA(−n)q˜
Lg/h(0) (6.4b)
hJA(−n) = ρ(h)
B
A JB(−n)h (6.4c)
EAh = hJA(0) (6.4d)
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where (6.4a, b) records that the h-currents JA have conformal weights 1 and 0 respectively
under Th and Tg/h. Then, we obtain the formulae,
TrT
(
q˜Lg/h(0)qLh(0)JA(−n)Oh
)
=
(
qnρ(h)
1− qnρ(h)
) B
A
TrT
(
q˜Lg/h(0)qLh(0)
[
O, JB(−n)
]
h
)
, n 6= 0 (6.5a)
TrT
(
q˜Lg/h(0)qLh(0)JA(0)Oh
)
= EATrT
(
q˜Lg/h(0)qLh(0)Oh
)
(6.5b)
for any operator O. Note that, had we chosen a source in G or a non-reductive coset space,
eq. (6.4c) would have contained extra terms with coset currents JI , so that averages of
the h-currents no longer satisfy closed equations. We will return to the subject of sources
larger then H in Section 9.
Using (6.3) and (6.5), we obtain the exact h-connection,
D(Lh, τ, h) = 2pii
{
− ch/24 + L
AB
h EA(h)EB(h)
+ 2LABh
∑
n>0
( qnρ(h)
1− qnρ(h)
) C
A
(if DBC ED(h) + nGBC)
}
. (6.6)
The h-connection is not a function of τ˜ , so that, according to eq. (5.8b), the h-connection
is equal to the first connection moment of the h-theory,
Dh(τ, h) ≡ D(Lh, τ, h) = D01(Lh, τ, h) . (6.7)
This relation is easily checked by comparison with the general first moment result (4.13)
in this case.
We also observe the embedding relation between the connections of g and h,
Dh(Lh, τ, h) = Dg(Lg, τ, g)|Lg→Lh
g→h
(6.8)
which follows on comparison of eqs. (4.16b) and (6.6). Following Ref. [13], such embedding
relations can be used to compute the connections of all the affine-Sugawara nests on g ⊃
h1 . . . ⊃ hn, but we will limit our work here to the simplest case of the coset constructions.
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6.3. The Coset Connection
Having determined the h-connection D(Lh) = Dh by direct computation, we may
obtain the coset connection D˜(Lg/h) by solving the flatness condition (5.5), which now
reads
∂D˜(Lg/h) = [Dh, D˜(Lg/h)] (6.9)
because ∂˜Dh = 0. The flatness condition (6.9) determines the τ dependence of the coset
connection as
D˜(Lg/h, τ˜ , τ, h) = Ωh(τ, τ˜ , h)D˜(Lg/h, τ˜ , τ˜ , h)Ω
−1
h (τ, τ˜ , h) (6.10)
where Ωh is the (invertible) evolution operator of h, which satisfies,
Ωh(τ, τ˜ , h) = T e
∫ τ
τ˜
dτ ′Dh(τ
′, h)
(6.11a)
∂Ωh(τ, τ˜ , h) = Dh(τ, h)Ωh(τ, τ˜ , h) , ∂˜Ωh(τ, τ˜ , h) = −Ωh(τ, τ˜ , h)Dh(τ˜ , h) (6.11b)
Ωh(τ˜ , τ˜ , h) = 1 , Ω
−1
h (τ, τ˜ , h) = Ωh(τ˜ , τ, h) (6.11c)
in analogy to the evolution operator of g. The quantity D˜(Lg/h, τ˜ , τ˜ , h) in (6.10) is the
pinched coset connection, whose form is known from eqs. (5.8b) and (6.3b),
D˜(Lg/h, τ˜ , τ˜ , h) = D10(Lg/h, τ˜ , h) = Dg(τ˜ , h)−Dh(τ˜ , h) ≡ Dg/h(τ˜ , h) . (6.12)
Combining eqs. (6.10) and (6.12), we obtain the coset connection,
D˜(Lg/h, τ˜ , τ, h) = Ωh(τ, τ˜ , h)Dg/h(τ˜ , h)Ω
−1
h (τ, τ˜ , h) (6.13)
which, as on the sphere [11–13], is an h-dressing of the first coset connection moment.
6.4. Connection Moments of h and g/h
Having obtained the h and g/h connections D(Lh) = Dh and D(Lg/h), we may
compute the connection moments Dqp of h and g/h from the inversion formula (5.7),
Dqp = d˜
qdp1|τ˜=τ . (6.14)
In this case, the inversion formula simplifies to the factorized form,
Dqp(τ) = D
h
0p(τ)D
g/h
q0 (τ) (6.15a)
Dh0p(τ) ≡ d
p1|τ˜=τ , D
g/h
q0 (τ) ≡ d˜
q1|τ˜=τ (6.15b)
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because ∂˜Dh = 0. The result (6.15) is analogous to the factorization of the connection
moments of h and g/h on the sphere [11,12].
Computation of the moments from the factorized form (6.15) is particularly simple,
and we list the examples,
Dh01 = Dh , D
g/h
10 = Dg/h (6.16a)
Dh02 = ∂Dh +D
2
h , D11 = DhDg/h (6.16b)
D
g/h
20 = ∂Dg/h +D
2
g/h + [Dg/h, Dh] (6.16c)
through order q + p ≤ 2.
6.5. The Bicharacters of h and g/h
Given the flat connections D(Lh) and D(Lg/h), the bicharacters χ(τ˜ , τ) are the
unique solution to the heat-like system (6.2b) with the affine-Sugawara boundary con-
dition χ(τ, τ) = χg(τ). To find this solution quickly, use D = Dh and eq. (5.10) to obtain
the evolution operators of the flat connections,
B(τ˜ , τ, h) = Ωh(τ, τ˜ , h) , B˜(τ˜ , τ, h) = Ωh(τ, τ˜ , h)Ωg(τ˜ , τ, h) . (6.17)
Then the bicharacters of h and g/h,
χ(T, τ˜ , τ, h) = Ωh(τ, τ˜ , h)χg(T, τ˜ , h) (6.18)
follow immediately as a special case of the general result (5.1a).
Using the heat equations (4.14) and (6.11) for Ωh and χg, it is easy to check directly
that the bicharacters (6.18) solve the heat-like system (6.2b). We find,
∂χ = D(Lh)χ (6.19a)
∂˜χ = Ωh(τ, τ˜ , h)Dg/h(τ˜ , h)χg(T, τ˜ , h) (6.19b)
= Ωh(τ, τ˜ , h)Dg/h(τ˜ , h)Ω
−1
h (τ, τ˜ , h)χ(T, τ˜ , τ, h) (6.19c)
= D(Lg/h)χ (6.19d)
where the flat connections Dh = D(Lh) and D˜(Lg/h) are given in eqs. (6.6) and (6.13).
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6.6. Non-local Conserved Quantities
Using the h-transformation properties of the adjoint representation,
E¯Aρ(h)
C
B = ρ(h)
D
B (T
adj
A )
C
D , EAρ(h)
C
B = −(T
adj
A )
D
B ρ(h)
C
D (6.20)
we verify the h-invariance of the h-evolution operator and the connections of h and g/h,
[QgA(h), Dh(τ, h)] = [Q
g
A(h),Ωh(τ, τ˜)] = [Q
g
A(h), D˜(Lg/h, τ˜ , τ)] = 0 (6.21)
where QgA(h) = E¯A(h) + EA(h) are the global generators of h ⊂ g. Then, the non-local
conserved generators (5.15) of h and g/h,
QA(τ˜ , τ, h)χ(T, τ˜, τ, h) = 0 , A = 1, . . . , dimh (6.22a)
QA(τ˜ , τ, h) = Ωh(τ, τ˜ , h)Q
g
A(h)Ω
−1
h (τ, τ˜ , h) = Q
g
A(h) (6.22b)
are equal to the global generators of h ⊂ g. If we choose the source in G, we still find
QA = Q
g
A because B˜ and B are h-invariant. On the other hand, the extra conserved
coset generators QI = BQ
g
IB
−1, I = 1, . . . , dim g/h remain non-local on the G source, in
parallel with results on the sphere [13].
7. Integral Representation for Coset Characters
To further analyze the bicharacters of h and g/h, we introduce the hˆ-characters for
integrable representation Th on an h source,
χh(T
h, τ, h) = TrTh
(
qLh(0)−ch/24h
)
(7.1a)
=
1
Π(τ, ρ(h))
∑
T ′h
NT
h
T ′h
Tr(h(T ′h))q∆h(T
′h)−ch/24 (7.1b)
where h is a simple subalgebra of g, the sum is over all the unitary irreps of h and NT
h
T ′h
is
the h-analogue of NT
T ′
in (4.24). The connection between the characters of T (irrep of g)
and Th (irrep of h) is
Tr(h(T )) =
∑
Th
m(T, Th)Tr(h(Th)) (7.2)
where m(T, Th) is the multiplicity of irrep Th in irrep T .
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The hˆ-characters satisfy the heat and evolution equations,
∂χh(T
h, τ, h) = Dh(τ, h)χh(T
h, τ, h) (7.3a)
χh(T
h, τ ′, h) = Ωh(τ
′, τ, h)χh(T
h, τ, h) (7.3b)
where Dh is the same h-connection which controls the τ dependence of the bicharacter. It
is therefore reasonable to assume that the bicharacter lives in the space spanned by the
hˆ-characters,
χ(T, τ˜ , τ, h) =
∑
Th
′χg/h(T, T
h, τ˜)χh(T
h, τ, h) (7.4)
which solves the bicharacter equation ∂χ = Dhχ so long as the coset characters χg/h are
independent of the source. In (7.4), the primed sum is over the integrable representations
Th of h at the induced level of the subalgebra.
At τ=τ˜ , the factorized form (7.4) implies the known factorization of the affine-
Sugawara characters [25,26,27],
χg(T, τ˜ , h) =
∑
Th
′χg/h(T, T
h, τ˜)χh(T
h, τ˜ , h) (7.5)
and, conversely, using (7.5) in the bicharacter solution (6.18), we recover (7.4) in the steps,
χ(T, τ˜ , τ, h) = Ωh(τ, τ˜ , h)
∑
Th
′χg/h(T, T
h, τ˜)χh(T
h, τ˜ , h) (7.6a)
=
∑
Th
′χg/h(T, T
h, τ˜)Ωh(τ, τ˜ , h)χh(T
h, τ˜ , h) (7.6b)
=
∑
Th
′χg/h(T, T
h, τ˜)χh(T
h, τ, h) . (7.6c)
To obtain (7.6b), we used the fact that the coset characters are independent of the source.
In order to check that the factorized form (7.4) also satisfies the D˜ equation, follow
the steps,
Ωh(τ˜ , τ, h)
(
∂˜ − D˜(Lg/h, τ˜ , τ, h)
)
χ(T, τ˜ , τ, h) (7.7a)
=
∑
Th
′
(
∂˜χg/h(T, T
h, τ˜)− χg/h(T, T
h, τ˜)Dg/h(τ˜ , h)
)
χh(T
h, τ˜ , h) (7.7b)
=
(
∂˜ −Dg(T, τ˜ , h)
)
χg(T, τ˜ , h) = 0 (7.7c)
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where we used the form (6.13) of the coset connection D˜(Lg/h) and the heat equations on
g and h. The equation ∂˜χ = D˜χ is then satisfied because Ωh is invertible.
We may now obtain linear differential equations for the coset characters as follows.
From the definition (4.24) of the coefficients NT
h
T ′h
, it follows that [28],
NT
h
T ′′h
NT
′h
T ′′h
= δ(Th, T ′h)|NT
h
T ′′h
| (7.8)
where δ is Kronecker delta, and we know that∫
dh Tr
(
h∗(T ′h)
)
Tr
(
h(Th)
)
= δ(T ′h, Th) (7.9)
where dh is Haar measure on h. Using (7.8) and (7.9), we verify the orthonormality relation
for hˆ-characters, ∫
dhχ†h(T
′h, τ, h)χh(T
h, τ, h) = δ(T ′h, Th) (7.10a)
χ†h(T
h, τ, h) ≡
Π(τ, ρ(h))
f(Th, q)
∑
T ′h
NT
h
T ′hTr(h
∗(T ′h))q∆h(T
′h)+ch/24 (7.10b)
f(Th, τ) ≡
∑
T ′h
|NT
h
T ′h |q
2∆h(T
′h) . (7.10c)
With h → g, ρ(h) → Ω(g) and Th → T , these relations apply as well for the gˆ-character
χg(T, τ, g) on a G source.
Then, integrating eq. (7.7b) with
∫
dhχ†h(T
′h, τ˜ , h), we obtain the coset equations,
∂˜χg/h(T, T
h, τ˜) =
∑
T ′h
′w[Lg/h, T
h, T ′h, τ˜ ]χg/h(T, T
′h, τ˜) (7.11a)
w[Lg/h, T
h, T ′h, τ˜ ] =
∫
dhχ†h(T
h, τ˜ , h)Dg/h(τ˜ , h)χh(T
′h, τ˜ , h) (7.11b)
where Dg/h, given in eq. (6.12), is the first connection moment of the coset construction.
These equations are the analogue of the coset equations in the block basis on the sphere
[11], and we note that, as on the sphere, the c-function coset coefficients w[Lg/h] in (7.11b)
are an h-dressing of the first coset connection moment.
The correct solutions of the coset equations (which respect the affine cutoff of gˆ and
hˆ) are most easily obtained by the same projection on eq. (7.5). We obtain an integral
representation for the general g/h coset character,
χg/h(T, T
h, τ˜) =
∫
dhχ†h(T
h, τ˜ , h)χg(T, τ˜ , h) (7.12a)
=
q˜−
cg/h
24
f(Th, τ˜)
∑
T ′,T ′h
NTT ′N
Th
T ′h
(∫
dh
Tr(h∗(T ′h))Tr(h(T ′))
Π(τ˜ , σ(h))
)
q˜∆g(T
′)+∆h(T
′h) . (7.12b)
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The general result (7.12a), which we have been unable to find in the literature, holds for
semi-simple g and simple h. In form, this result is the analogue of the formula Cg/h =
FgF
−1
h for the coset blocks on the sphere [14,11,12]. The special case in (7.12b) is the
explicit form of (7.12a) for simple g.
8. High-level Affine-Virasoro Characters
8.1. High-level Systematics
In this Section, we consider the high-level affine-Virasoro characters for the broad
class of ICFT’s which are high-level smooth on simple g. In this case, the high-level forms
of the inverse inertia tensors are [20,21],
L˜ab =
P˜ ab
2k
+O(k−2) , Lab =
P ab
2k
+O(k−2) (8.1a)
c˜ = rankP˜ +O(k−1) , c = rankP +O(k−1) (8.1b)
where P˜ and P are the high-level projectors of the L˜ and the L theory respectively.
According to (4.2), (8.1) and the affine algebra (2.1), we see that each new factor L˜
or L = O(k−1) in Dqp comes with two more currents and hence with the possibility of one
more current contraction, proportional to the central term Gab = kηab. It follows that all
Dqp begin at the same order of k
−1. Since D00 = 1, we conclude that Dqp, D˜ and D are
power series in k−1 with leading terms,
{
Dqp, D˜, D
}
= O(k0) (8.2)
which come entirely from current contractions.
8.2. High-level Flat Connections
More explicitly, we will evaluate the high-level form of the flat connection D˜, using
the high-level form of (5.3),
D˜(τ˜ , τ, g)χ(T, τ˜, τ, g) =
k
2piiTrT
(
q˜L˜(0)−rankP˜ /24qL(0)−rankP/24
( P˜ ab
k
∑
n>0
Ja(−n)Jb(n)−
rankP˜
24
)
g
)
(8.3)
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for general source g ∈ G. Here, we have already used the high-level form of L˜ab and we
have neglected the zero-mode contribution of the currents, which is automatically higher
order.
To proceed, we need the high-level form of the T, J commutator in (2.9),
[L(0), Ja(−n)] =
k
n
(
PJ(−n)
)
a
, [L˜(0), Ja(−n)] =
k
n
(
P˜ J(−n)
)
a
(8.4)
where (PJ)a ≡ P
b
a Jb and P
b
a ≡ ηacP
cb. This gives the high-level analogue of eq. (4.5a),
q˜L˜(0)qL(0)Ja(−n) =
k
(
(q˜nP˜ + qnP )J(−n)
)
a
q˜L˜(0)qL(0) (8.5)
and then we may follow the usual procedure to express the JaJb trace in terms of the
commutator of the two currents. Keeping only the contraction term in the commutator,
we obtain the relation,
TrT
(
q˜L˜(0)−c/24qL(0)−c/24Ja(−n)Jb(n)g
)
=
k
kn
{( (q˜nP˜ + qnP )Ω(g)
1− (q˜nP˜ + qnP )Ω(g)
) c
a
ηcb
}
χ(T, τ˜ , τ, g)
(8.6)
where Ω(g) = g−1(T adj) is the adjoint representation of G.
Using (8.3) and (8.6), we read off the leading terms of the flat connections,
D˜(L˜, τ˜ , τ, g) = 2pii
(∑
n>0
nTr
( Xn
1−Xn
P˜
)
−
rankP˜
24
)
+O(k−1) (8.7a)
D(L, τ˜ , τ, g) = 2pii
(∑
n>0
nTr
( Xn
1−Xn
P
)
−
rankP
24
)
+O(k−1) (8.7b)
Xn(τ˜ , τ, g) ≡ (q˜
nP˜ + qnP )Ω(g) (8.7c)
where the result for D follows from that for D˜ and the K-conjugation covariance of the con-
nections in (5.13). We note in particular that the leading terms (8.7) in the flat connections
are functions, so that their differential structure begins at O(k−1).
It is instructive to check that these connections are flat, that is dD˜ = d˜D. Using the
high-level forms in (8.7), we know that
[D, D˜] = 0 (8.8)
because the high-level connections are functions. Then, we need only check that the high-
level connections are abelian flat,
∂D˜ = ∂˜D . (8.9)
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This property, and hence the flatness of the high-level connections, follows from the iden-
tities,
q∂qTr
{( Xn
1−Xn
)
P˜
}
= q˜∂q˜Tr
{( Xn
1−Xn
)
P
}
= n(q˜q)nTr
{
P˜Ω
1
1−Xn
PΩ
1
1−Xn
}
(8.10)
which are easily checked by differentiation. We remark that the high-level flat connections
of ICFT on the sphere are also abelian-flat [13].
8.3. High-level Bicharacters
Having determined the high-level flat connections D˜ and D, we may integrate eq.
(5.9) to obtain the high-level evolution operators B˜ and B of the flat connections,
B˜(τ˜ , τ, g) =
(
q
q˜
) rankP˜
24
∞∏
n=1
e
2piin
∫ τ˜
τ
dτ˜ ′Tr
{( Xn(τ˜ ′,τ,g)
1−Xn(τ˜ ′,τ,g)
)
P˜
}
+O(k−1) (8.11a)
B(τ˜ , τ, g) =
(
q˜
q
) rankP
24
∞∏
n=1
e
2piin
∫ τ
τ˜
dτ ′Tr
{( Xn(τ˜ ,τ ′,g)
1−Xn(τ˜ ,τ ′,g)
)
P
}
+O(k−1) (8.11b)
Xn(τ˜ , τ, g) =
(
e
2piinτ˜
P˜ + e
2piinτ
P
)
Ω(g) . (8.11c)
Finally, we may substitute the results (8.11) into eq. (5.1a) to obtain the high-level forms
of the low-spin affine-Virasoro characters,
χ(T, τ˜ , τ, g) =
k
q˜−
rankP˜
24 q−
rankP
24
∞∏
n=1
e
2piin
∫ τ˜
τ
dτ˜ ′Tr
{( Xn(τ˜ ′,τ,g)
1−Xn(τ˜ ′,τ,g)
)
P˜
}
Tr(g(T ))
Π(τ,Ω(g))
(8.12a)
=
k
q˜−
rankP˜
24 q−
rankP
24
∞∏
n=1
e
2piin
∫ τ
τ˜
dτ ′Tr
{( Xn(τ˜ ,τ ′,g)
1−Xn(τ˜ ,τ ′,g)
)
P
}
Tr(g(T ))
Π(τ˜ ,Ω(g))
(8.12b)
where low spin means that the invariant Casimir of irrep T is O(k0) (and so the conformal
weights of irrep T are O(k−1)). To obtain this result, we also used the high-level form of
the low-spin affine-Sugawara characters,
χg(T, τ, g) =
k
q−
dim g
24
Tr(g(T ))
Π(τ,Ω(g))
(8.13)
which follows from their explicit form in (4.23.) The results (8.12) and (8.13) are the
leading terms of the high-level asymptotic expansion of these quantities.
As a check on the high-level bicharacters (8.12), we note the simple intuitive result at
unit source,
χ(T, τ˜ , τ, g = 1) =
k
dimT
η(τ˜)rankP˜ η(τ)rankP
(8.14)
where η is the Dedekind η-function.
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9. When the Source is the Symmetry Group
9.1. Source Dependence of h and g/h
We return to the case of h and the g/h coset constructions, now on a general source
g ∈ G, whose high-level connections and bicharacters are included in the results above.
The answers for h and g/h can be obtained for any of the results of Section 8 by choosing,
P˜ = Pg/h = 1− Ph , P = Ph (9.1)
where Ph is the projector onto h ⊂ g.
Comparing (8.7) and (6.6), we see in particular that the h-connection D(Lh, τ˜ , τ, g) on
a G source is a function of τ˜ and τ , while the h-connection D(Lh, τ, h) on an H source is a
function only of τ . Correspondingly, all the results for h and g/h are more complicated for
the G source, and, in particular the factorization (7.4) is obscured on the general source.
This is an interesting complication for h and g/h, which should be studied in the
future. In the present paper, we limit ourselves to understanding that the simplification
on an H source is due to the h-symmetry of the K-conjugate pair h and g/h.
When the source is restricted to h ∈ H ⊂ G, we may use the h-invariance of the
projectors,
[Ω(h), Pg/h] = [Ω(h), Ph] = 0 (9.2)
to simplify the high-level connections of h and g/h. Then the connections (8.7) reduce to
the forms,
D˜(Lg/h, τ˜ , h) = 2pii
(∑
n>0
nTr
(
q˜nΩ(h)
1− q˜nΩ(h)
Pg/h
)
−
rankPg/h
24
)
+O(k−1) (9.3a)
D(Lh, τ, h) = 2pii
(∑
n>0
nTr
(
qnΩ(h)
1− qnΩ(h)
Ph
)
−
rankPh
24
)
+O(k−1) (9.3b)
which are functions only of τ˜ and τ respectively. When H is further restricted so that
G/H is a reductive coset space, it is easy to check that the results (9.3) agree with the
high-level form of the exact results in eqs. (6.6) and (6.13).
We are now prepared to exploit this simplification in a much larger class of ICFT’s.
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9.2. The H-invariant CFT’s
As reviewed in Section 2, the K-conjugate pairs h and g/h are only the simplest
examples of the much larger class of ICFT’s known as the H-invariant CFT’s [18],
ICFT ⊃⊃ H-invariant CFT’s ⊃⊃ Lie h-invariant CFT’s ⊃⊃ RCFT . (9.4)
The space of H-invariant CFT’s is the set of all ICFT’s with a residual global symmetry
group H, and the H-symmetry, which is the symmetry group of L˜ and L, may be a finite
group or a Lie group.
The simplification seen for h and g/h in subsection 9.1 extends to all the H-invariant
CFT’s. The basic point is that the bicharacters of any K-conjugate pair of H-invariant
CFT’s are H-invariant when the source h is chosen in H ⊂ G,
χ(T, τ˜ , τ, h0hh
−1
0 ) = χ(T, τ˜ , τ, h) , ∀h0 ∈ H ⊂ G (9.5)
while a larger source breaks the H-symmetry. The relation (9.5) follows from (3.1) and
(2.13).
At high-level on simple g, we can study this simplification in further detail. According
to eqs. (2.10) and (2.13), the high-level form of the H-invariance of the K-conjugate pair
reads,
[Ω(h), P˜ ] = [Ω(h), P ] = 0 , ∀h ∈ H ⊂ G . (9.6)
Then, choosing the source h in the symmetry group H of the pair, we may use (9.6) in
(8.7) to obtain the flat connections of all the H-invariant CFT’s,
D˜(L˜, τ˜ , h) = 2pii
(∑
n>0
nTr
(
q˜nΩ(h)
1− q˜nΩ(h)
P˜
)
−
rankP˜
24
)
+O(k−1) (9.7a)
D(L, τ, h) = 2pii
(∑
n>0
nTr
(
qnΩ(h)
1− qnΩ(h)
P
)
−
rankP
24
)
+O(k−1) . (9.7b)
Note that, on the H-source, these connections are functions only of τ˜ and τ respectively.
The connections (9.7) can be further simplified by introducing the generalized Π-
function,
Π(M, τ,Ω(h)) ≡
∞∏
n=1
e
Tr (M log(1− qnΩ(h)))
(9.8a)
Π(M, τ,Ω(h))Π(N, τ,Ω(h)) = Π(M +N, τ,Ω(h)) , Π(1, τ,Ω(h)) ≡ Π(τ,Ω(h)) (9.8b)
Π(P˜ or P, τ,Ω(h0hh
−1
0 )) = Π(P˜ or P, τ,Ω(h)) (9.8c)
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where h0 ∈ H and Π(τ,Ω(h)) is the simple Π-function in (4.17b). Then, the connections
can be written as
D˜(L˜, τ˜ , h) = −
(
2pii
rankP˜
24
+ ∂˜ log Π(P˜ , τ˜ ,Ω(h))
)
+O(k−1) (9.9a)
D(L, τ, h) = −
(
2pii
rankP
24
+ ∂ logΠ(P, τ,Ω(h))
)
+O(k−1) . (9.9b)
Using this form, it is easy to obtain the evolution operators of the flat connections,
B˜(τ˜ , τ, h) =
(
q
q˜
) rankP˜
24 Π(P˜ , τ,Ω(h))
Π(P˜ , τ˜ ,Ω(h))
+O(k−1) (9.10a)
B(τ˜ , τ, h) =
(
q˜
q
) rankP
24 Π(P, τ˜ ,Ω(h))
Π(P, τ,Ω(h))
+O(k−1) (9.10b)
by integrating eq. (5.9).
Finally, we obtain the high-level, low-spin bicharacters of the H-invariant CFT’s,
χ(T, τ˜ , τ, h) =
k
1
q˜
rankP˜
24 Π(P˜ , τ˜ ,Ω(h))
Tr(h(T ))
1
q
rankP
24 Π(P, τ,Ω(h))
(9.11)
from (5.1), (8.13) and (9.10), using (9.8b) in the form
Π(τ,Ω(h)) = Π(P˜ , τ,Ω(h))Π(P, τ,Ω(h)) . (9.12)
With eq. (9.8c), we explicitly verify the h-invariance (9.5) of the bicharacters in (9.11).
The results (9.10) and (9.11) can also be verified directly from eqs. (8.11) and (8.12).
Similarly, for the special case of h and g/h with G/H a reductive coset space, we may use
the identities,
Π(Pg/h, τ˜ ,Ω(h)) = Π(τ˜ , σ(h)) , Π(Ph, τ,Ω(h)) = Π(τ, ρ(h)) (9.13)
to check (9.10) and (9.11) against the high-level forms of the exact results in (6.17) and
(6.18).
9.3. Candidate Characters for the Lie h-invariant CFT’s
To obtain the characters of the individual ICFT’s, it is necessary to factorize the
biconformal characters,
χ(T, τ˜ , τ, h) =
∑
ν
χν
L˜
(T, τ˜ , h)χνL(T, τ, h) (9.14)
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into the conformal characters χ
L˜
and χL of the L˜ and the L theory respectively. As on
the sphere [12], there are many factorizations, or bases, of the form (9.14), but we are
interested only in those factorizations for which the conformal characters exhibit modular
covariance. See Ref. [12] for an analogous factorization of the bicorrelators of ICFT on
the sphere, in which the conformal correlators of L˜ and L are covariant under the braid
group.
Here, we make a modest beginning in this direction, obtaining high-level candidate
characters for the Lie h-invariant CFT’s [18], which form the subset of all H-invariant
CFT’s with H a Lie group. This class of ICFT includes h and the g/h coset constructions
as a small subspace. For all these theories, We know from (2.14) and (9.5) that,
[T adjA , L˜] = [T
adj
A , L] = 0 , A = 1, . . . , dimh (9.15a)
(E¯A +EA)χ(T, τ˜ , τ, h) = 0 (9.15b)
and we may hope to follow the intuition gained from h and the g/h coset constructions.
More precisely, we restrict ourselves to the Lie h-invariant CFT’s with simple h ⊂ g.
Then we know [18] that one of the theories, say L˜, has a local Lie h-invariance (like Lg/h)
[JA(m), L˜(n)] = 0 , m, n ∈ ZZ (9.16)
while its K-conjugate partner (like Lh) carries only the corresponding global invariance,
[JA(0), L(n)] = 0 , m ∈ ZZ . (9.17)
In this case, as for h and g/h, we may adopt as a working hypothesis that all the source
dependence of the bicharacters is associated to the global theory.
At high-level on simple g, the low-spin bicharacters of the Lie h-invariant CFT’s are
given by the result (9.11) with
[T adjA , P˜ ] = [T
adj
A , P ] = 0 (9.18)
so each factor in the high-level bicharacters of the Lie h-invariant CFT’s on the H source
are explicitly h-invariant. Then we may h-character expand the local theory L˜ in (9.11)
to obtain the factorized bicharacters,
χ(T, τ˜ , τ, h) =
k
∑
Th
χ
L˜
(T, Th, τ˜)χL(T, T
h, τ, h) (9.19)
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where the sum is over all unitary irreps Th of h, and
χ
L˜
(T, Th, τ˜) =
k
∫
dh
Tr(h∗(Th))Tr(h(T ))
q˜
rankP˜
24 Π(P˜ , τ˜ ,Ω(h))
(9.20a)
χL(T
h, τ, h) =
k
Tr(h(Th))
q
rankP
24 Π(P, τ,Ω(h))
(9.20b)
are the high-level candidate characters for the Lie h-invariant CFT’s.
As a check on the candidate characters (9.20), we reconsider the simple case of h and
the g/h coset constructions, with G/H a reductive coset space. In this case, the candidate
characters reduce to the high-level characters of h and g/h,
χLg/h(T, T
h, τ˜) =
k
∫
dh
Tr(h∗(Th))Tr(h(T ))
q˜
dim(g/h)
24 Π(τ˜ , σ(h))
(9.21a)
χLh(T
h, τ, h) =
k
Tr(h(Th))
q
dimh
24 Π(τ, ρ(h))
(9.21b)
which agree with the high-level forms of the exact results in (7.12) and (7.1).
The next step is to test the candidate characters for modular covariance, or to further
decompose the candidates until modular covariance is obtained. This investigation is
beyond the scope of the present paper, but we may set the stage with some simple remarks.
We know that the modular transformation τ → − 1
τ
mixes low spin with all spin, and
we have checked in examples that, at high level, this transformation is dominated by high
spin (of order the level for SU(2)). Thus, high-spin candidate characters are also needed
to study modular covariance at high level. Because all representation dependence of the
bicharacters comes from the affine-Sugawara characters χg(T ), such high-spin candidate
characters for the Lie-h invariant ICFT’s can be obtained as above, from the high-level
form of the high-spin affine-Sugawara characters.
Although this program is technically involved, it is expected that chiral modular co-
variant characters and non-chiral modular invariants exist in ICFT, just as braid-covariant
correlators have been found on the sphere [12]. This expectation has further support in
the case of the high-level smooth ICFT’s studied here, because diffeomorphism-invariant
world-sheet actions [21,29,30] are known for the generic theory of this type.
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10. A Geometric Formulation
The characters studied in the sections above were defined with a conventional Lie
source, but we wish to point out the geometric form that our problem takes on an affine
source γˆ, in the centrally-extended loop group LˆG of affine g.
We write the affine source as
γˆ(x, y) = e
iykˆ
gˆ(x) (10.1)
where y and xαµ, α = 1, . . . , dim g, µ ∈ ZZ are the coordinates on the loop group manifold
and kˆ is the level operator, or central element. The y-independent factor gˆ can be chosen
in many bases such as,
gˆ(x) = exp(i
∑
am
βam(x)Ja(m)) (10.2)
or normal-ordered forms such as the Borel decompositions in Refs. [31] and [32]. In prac-
tice, one may wish to choose a basis of gˆ which simplifies the Laplacians in the formulation
below.
Define the affine-Virasoro characters on the affine source as
χ(T, τ˜ , τ, γˆ) = TrT
(
q˜L˜(0)−c˜/24qL(0)−c/24γˆ
)
. (10.3)
Then, following the development in the earlier sections, we introduce left and right invariant
vielbeins, inverse vielbeins and affine Lie derivatives on the loop group as follows,
eΛ = −iγˆ
−1∂Λγˆ = e
L
Λ JL , EL = −ie
Λ
L ∂Λ , ELγˆ = γˆJL (10.4a)
e¯Λ = −iγˆ∂Λγˆ
−1 = e¯ LΛ JL , E¯L = −ie¯
Λ
L ∂Λ , E¯Lγˆ = −JLγˆ (10.4b)
JL = (Ja(m), kˆ) , EL = (Ea(m), Ey) , E¯L = (E¯a(m), E¯y) (10.4c)
Λ = (αµ, y) , L = (am, y) (10.4d)
where [JL,JM ] = if
N
LM JN is the affine algebra and the vielbeins e
L
Λ , e¯
L
Λ and inverse
vielbeins e ΛL , e¯
Λ
L are independent of the operators JL. The affine Lie derivatives EL
and E¯L in (10.4) satisfy two commuting affine algebras with central elements Ey and E¯y
respectively.
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With these tools, it is straightforward to see that the bicharacters (10.3) satisfy the
heat-like equations,
∂˜χ = D˜χ , ∂χ = Dχ (10.5a)
D˜(γˆ) = −2pii∆˜(γˆ) = 2piiL˜ab
(
Ea(0)Eb(0) + 2
∑
m>0
Ea(−m)Eb(m)
)
(10.5b)
D(γˆ) = −2pii∆(γˆ) = 2piiLab
(
Ea(0)Eb(0) + 2
∑
m>0
Ea(−m)Eb(m)
)
(10.5c)
and the usual affine-Sugawara boundary condition,
χ(T, τ, τ, γˆ) = χg(T, τ, γˆ) = TrT
(
qLg(0)−cg/24γˆ
)
(10.6a)
∂χg = Dgχg , Dg = D˜ +D (10.6b)
Dg(γˆ) = −2pii∆g(γˆ) = 2piiL
ab
g
(
Ea(0)Eb(0) + 2
∑
m>0
Ea(−m)Eb(m)
)
(10.6c)
where χg(T, τ, γˆ) are the affine-Sugawara characters on the affine source. The bicharacters
and the affine-Sugawara characters also satisfy an analogous heat-like system with Ea(m)→
E¯a(m).
The objects ∆˜, ∆ and ∆g are three mutually-commuting Laplacians on the centrally-
extended loop group. It is easy to verify that the affine-Virasoro connections D˜, D are
flat, ∂˜D +DD˜ = ∂D˜ + D˜D, and moreover,
∂˜D = ∂D˜ = 0 , [D˜,D] = 0 (10.7)
so the connections are also abelian flat.
In further detail, we find from (10.1) that
eαµ = −igˆ
−1∂αµgˆ = e
am
αµ Ja(m) + e
y
αµ kˆ (10.8a)
e Ly = δ
L
y , e
L
αµ is independent of y (10.8b)
e Λy = δ
Λ
y , e
Λ
am is independent of y (10.8c)
e αµam e
bn
αµ = δ
bn
am , e
am
αµ e
βν
am = δ
βν
αµ , e
y
am = −e
αµ
am e
y
αµ (10.8d)
and similarly for the e¯’s. This gives the explicit forms for the left and right invariant Lie
derivatives,
Ey = −i∂y , Ea(m) = −i
(
e αµam ∂αµ + e
y
am∂y
)
(10.9a)
E¯y = i∂y , E¯a(m) = −i
(
e¯ αµam ∂αµ + e¯
y
am∂y
)
(10.9b)
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where the sign difference of Ey and E¯y comes from e¯
Λ
y = −δ
Λ
y .
We are primarily interested in the reduced bicharacters χ(gˆ), which satisfy
χ(T, τ˜ , τ, γˆ) = e
iyk
χ(T, τ˜ , τ, gˆ) (10.10a)
χ(T, τ˜ , τ, gˆ) = TrT
(
q˜L˜(0)−c˜/24qL(0)−c/24gˆ
)
(10.10b)
where kˆ is replaced by the level k in the reduced quantities. It follows from (10.5) and
(10.10a) that the reduced bicharacters satisfy the heat-like system,
∂˜χ(gˆ) = D˜(gˆ)χ(gˆ) , ∂χ(gˆ) = D(gˆ)χ(gˆ) (10.11a)
D˜(gˆ) = −2pii∆˜(gˆ) = 2piiL˜ab
(
Ea(0)Eb(0) + 2
∑
m>0
Ea(−m)Eb(m)
)
(10.11b)
D(gˆ) = −2pii∆(gˆ) = 2piiLab
(
Ea(0)Eb(0) + 2
∑
m>0
Ea(−m)Eb(m)
)
(10.11c)
where the reduced affine Lie derivatives Ea(m) and E¯a(m) are
Ea(m) = −ie
αµ
am ∂αµ + ke
y
am = −ie
αµ
am
(
∂αµ − ike
y
αµ
)
(10.12a)
E¯a(m) = −ie¯
αµ
am ∂αµ + ke¯
y
am = −ie¯
αµ
am
(
∂αµ + ike¯
y
αµ
)
. (10.12b)
These differential operators satisfy
Ea(m)gˆ = gˆJa(m) , E¯a(m)gˆ = −Ja(m)gˆ (10.13a)
[Ea(m), Eb(n)] = if
c
ab Ec(m+ n) +mkηabδm+n,0 (10.13b)
[E¯a(m), E¯b(n)] = if
c
ab E¯c(m+ n)−mkηabδm+n,0 (10.13c)
[Ea(m), E¯b(n)] = 0 (10.13d)
and we remark that the the left and right invariant operators satisfy the affine algebra of g
at level k and −k respectively. It follows that Qa(m) ≡ Ea(m) + E¯a(m) satisfies the loop
algebra of g.
We emphasize that the result (10.13b) is a class of new representations of the affine
algebra, one for each basis choice of gˆ. An example of this system, for a particular basis of
affine su(2), has been studied in Ref. [33]. As an example on all affine g, one may choose
the basis
gˆ(x) = exp
(
ixαµe amαµ (0)Ja(m)
)
. (10.14)
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Then we obtain the explicit forms of the left invariant quantities,
e αµam (x) =M(x)
bn
am e
αµ
bn (0) , e
y
am (x) =M(x)
y
am (10.15a)
e yαµ (x) = e
am
αµ (0)M
−1(x) yam (10.15b)
M(x) =
log gˆ(Tˆ adj , x)
gˆ(Tˆ adj , x)− 1
, gˆ(Tˆ adj , x) = exp
(
ixαµe amαµ (0)Tˆ
adj
am
)
(10.15c)
(Tˆ adjam )
cr
bn = δm+n,r(T
adj
a )
c
b , (Tˆ
adj
am )
y
bn = nηabδm+n,0 (10.15d)
and similarly for the right invariant quantities, where the non-zero elements of the affine
adjoint matrix (Tˆ adjL )
N
M = −if
N
LM are given in (10.15d).
The reduced system (10.11), taken with the usual affine-Sugawara boundary condition,
χg(T, τ, gˆ) = χ(T, τ, τ, gˆ) , ∂χg(gˆ) = Dg(gˆ)χg , Dg(gˆ) = D˜(gˆ)+D(gˆ) = −2pii∆g(gˆ)
(10.16)
can be further analyzed using the machinery developed in the earlier sections. In particular,
the reduced objects ∆˜(gˆ), ∆(gˆ) and ∆g(gˆ), which represent −L˜(0), −L(0) and Lg(0) re-
spectively, are three mutually commuting generalized Laplacians on the centrally-extended
loop group, and the reduced connections D˜, D are flat and abelian flat. Moreover, the
reduced bicharacters χ(gˆ) are uniquely determined from eqs. (5.1) and (5.9),
χ(T, τ˜ , τ, gˆ) = e
−2pii(τ˜ − τ)∆˜(gˆ)
χg(T, τ, gˆ) = e
−2pii(τ − τ˜)∆(gˆ)
χg(T, τ˜ , gˆ) (10.17)
in terms of the reduced affine-Sugawara characters (10.16), whose explicit form we will not
obtain in this paper.
The form of the solution (10.17) is seen more clearly by introducing the simultaneous
eigenvectors ψn(T, gˆ) of the three Laplacians,
−∆˜ψn = λ˜nψn , −∆ψn = λnψn , −∆gψn = λ
g
nψn (10.18a)
λ˜n + λn = λ
g
n (10.18b)
in the Hilbert space of affine irrep T , where the eigenvalues λ˜n(T ), λn(T ) and λ
g
n(T )
are the conformal weights of the states ψn(T, gˆ) under the stress tensors T˜ , T and Tg.
The basis (10.18) is therefore the simultaneous L-basis (see Section 3) for all levels of
the affine irrep T . For unitary theories, L˜(0), L(0) and Lg(0) are hermitean in an inner
product with a non-negative norm, so, in the representation above, there is an induced inner
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product 〈A|B〉 in which the Laplacians are hermitean and the eigenvectors are orthonormal
〈ψm(T )|ψn(T )〉 = δm,n.
Using these eigenvectors, we find the unique solution of the heat-like system,
χ(T, τ˜ , τ, gˆ) =
∑
n
(
q˜
q0
)λ˜n(T )( q
q0
)λn(T )
ψn(T, gˆ)〈ψn(T )|χg(T, τ0)〉 (10.19a)
χg(T, τ, gˆ) = χ(T, τ, τ, gˆ) =
∑
n
(
q
q0
)λgn(T )
ψn(T, gˆ)〈ψn(T )|χg(T, τ0)〉 (10.19b)
where q0 = exp(2piiτ0) is a regular reference point.
The solution (10.19a) for the bicharacters follows from eq. (10.17), using the ex-
pansion (10.19b) of the affine-Sugawara characters, and it is easy to check that the full
solution (10.19a, b) solves the heat-like equations (10.11a) and the affine-Sugawara bound-
ary condition (10.16). Moreover, the bicharacters and the affine-Sugawara characters are
independent of the reference point, as they should be. For example, one finds
∂τ0χ =
∑
n
(
q˜
q0
)λ˜n ( q
q0
)λn
ψn〈ψn|
(
− 2piiλgn +Dg(T, τ0, gˆ)
)
χg(T, τ0, gˆ)〉 = 0 (10.20)
where hermiticity of Dg is used in the last step.
The bicharacters of the earlier sections can be obtained from these bicharacters by
restricting the affine source to a Lie source. The advantage of the geometric formulation
is that we now have the flat connections in closed form, which may be useful in the
investigation of global properties such as factorization and modular covariance.
11. Conclusions
Irrational conformal field theory (ICFT) includes rational conformal field theory as a
small subspace. So far, the only known path into the space of ICFT’s is the general affine-
Virasoro construction [3,4] on the currents of affine Lie g. Recently, dynamical equations
for the correlators of ICFT have been obtained on the sphere [11,12], where they are
understood as generalized Knizhnik-Zamolodchikov equations with flat connections [13].
In this paper we have begun the study of ICFT on the torus, following the paradigm on
the sphere. In particular, we have defined the affine-Virasoro characters, or bicharacters,
which involve the two commuting Virasoro operators of any affine-Virasoro construction,
and we have shown that the bicharacters satisfy heat-like equations with flat connections.
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As a first example of the formulation, we have solved the system completely for the
simple case of h and the g/h coset constructions, obtaining a new integral representation
for the general coset characters.
In a second application, we have solved for the high-level bicharacters of the general
ICFT on simple g, and proposed a set of high-level candidate characters for the Lie h-
invariant CFTs [18], which is the set of all ICFTs with a Lie Symmetry.
A next step is to analyze the high-level candidate characters with respect to the
modular group. For this investigation, one should begin with some of the many explicit
examples of Lie-h invariant CFT’s, beyond the coset constructions. We did not attempt
to factorize the general theory on a source larger then its symmetry group, which is an
important problem because the generic ICFT has no residual symmetry. As a first step in
this direction, one should study the factorization of h and g/h when the source is larger
then H.
Finally, we noted a geometric formulation of the system on an affine source, where the
flat connections are generalized Laplacians on the centrally-extended loop group. These
Laplacians involve new first-order differential representations of affine Lie algebra.
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